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I. INTRODUCTION 

This report  descr ibes  the  work done under NASA Grant No. NsG-525 during 

the  period 1 October 1963 t o  30 September 1964. As t he  t i t l e  of t h e  grant  

i nd ica t e s ,  t h e  research e f f o r t  w a s  d i rected toward a b e t t e r  general  under- 

s tanding i n  the  following areas:  

A. t h e  presence of plasma i n s t a b i l i t i e s  i n  t h e  ionosphere and t h e i r  ef-  

f e c t  on the  thermal s t ruc ture ,  

c h a r a c t e r i s t i c s  of probes i n  t h e  ionosphere considering magnetic 

f i e l d  e f f e c t s  and plasma waves. 

B. 

and , Some of t h i s  work r e l a t i n g  t o  P a r t  A has been reported e a r l i e r ,  1,273 

therefore ,  t h a t  mater ia l  w i l l  be outl ined only b r i e f ly .  

The i n i t i a l  work i n  the  area of plasma i n s t a b i l i t i e s  consisted of t h e  

treatment of a one-dimensional Maxwellian plasma with a superposed high en- 

ergy hump i n  t h e  d i s t r i b u t i o n  function. High momentum t r a n s f e r  e lectron-  

n e u t r a l  c o l l i s i o n s  were included in  t h e  treatment by means of a re laxa t ion  

term i n  t h e  k i n e t i c  equation. This work has shown t h a t  t h e  temperature of 

c e r t a i n  plasmas, which a re  i n i t i a l l y  unstable  against  growing plasma waves, 

increases  toward a temperature value f o r  which t h e  system i s  s tab le .  3 

In  order  t o  extend t h i s  work t o  ionospheric problems it became necessary 

t o  formulate a r e a l i s t i c  model of t h e  high energy t a i l  of t h e  e lec t ron  en- 

ergy d i s t r i b u t i o n  i n  t h e  ionosphere. 

only one of t h e  many possible  photoionization processes has been presented 

A preliminary ca l cu la t ion  involving 



i n  t h e  semiannual report  m 3  

processes of importance a r e  reported i n  Sect ion I1 below. 

The complete r e s u l t s  involving a l l  photoionizat ion 

The current co l l ec t ion  equakion of a s t a t iona ry  c y l i n d r i c a l  probe i n  t h e  

presence of a magnetic f i e l d ,  p a r a l l e l  t o  i t s  ax i s ,  w a s  given i n  t h e  semi- 

annual r e p 0 r t . j  

ing probes as given i n  Section 111. 

This work has been extended t o  the  more general  case of mov- 

The r e s u l t s  from the  Alouette topside sounder s a t e l l i t e  increased the  

i n t e r e s t  f o r  a b e t t e r  understanding of t h e  exc i t a t ion  and de tec t ion  mechanisms 

of space charge waves. Besides t h e  fundamental i n t e r e s t  i n  t h e  poss ib le  ex- 

i s tence  of na tu ra l ly  occurring space charge waves, a r t i f i c i a l l y e x c i t e d  waves 

could provide an excel lent  t o o l  f o r  the  measurement of ambient e l ec t ron  den- 

s i t i e s .  In  such a technique a r e l a t i v e l y  l a r g e  volume about t h e  probe would 

be "sampled. therefore ,  i f  s u f f i c i e n t l y  good "coupling" can be achieved t h i s  

approach might be e spec ia l ly  valuable at high a l t i t u d e s ,  where o ther  d i r e c t  

techniques of sampling much smaller e f f e c t i v e  volumes become s e n s i t i v i t y  l imited.  

Theoret ical  work t o  pred ic t  the response of a c y l i n d r i c a l  probe t o  such space 

charge waves has been s t a r t e d  and i s  described i n  Sect ion I V .  
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IIa PHOTOEI3CTRCIV ENERGY DISTRIBLTION IN THE LOW. F-REGION 

2 1 GENERAL CONS IDEMTIONS 

The s t a t e  of t h e  e l ec t rons  i n  the ionosphere d i f f e r s  from an equilibrium 

s t a t e  because of various energy and p a r t i c l e  sources and s inks ,  The most 

s i g n i f i c a n t  as we l l  as bes t  known of t hese  energy sources i s  t h e  electromag- 

n e t i c  s o l a r  rad ia t ion .  A considerable amount of t h i s  incoming energy f i rs t  

goes i n t o  t h e  production of photoelectrons which, i n  t u r n ,  share t h e i r  energy 

with neu t r a l s ,  ambient e lec t rons ,  and ions 

Dalgarno e t  al. have calculated the  s teady-s ta te  e l ec t ron  temperature con- 

s ide r ing  a number of atmospheric conditions. In  these  ca l cu la t ions ,  s o l a r  

electromagnetic r ad ia t ion  w a s  considered t o  be t h e  only heat source, and only 

b inary  c o l l i s i o n s  were included. 

Hanson,' and more recent ly ,  

-- 

These authors a l s o  assuned t h a t  a l l  energy 

given fip by t h e  photons i s  deposited loca l ly .  Recently, Geisler and Bowhillb 

ca r r i ed  out de t a i l ed  ca l cu la t ions  using information from t h e  work of Dalgarno 

e t  a l Q 5  i n  which they  a l so  incluled t h e  e f f e c t  of c o d o c a l  heating, as wel l  

as conduction by ambient electrons.  The ca l cu lz t ions ,  however, do not con- 

s i d e r  long rayge e l e c t r o s t a t i c  i n t e rac t i cns  (plasma o s c i l l a t i o m )  

been suggested' t h a t  such an energy t r a n s f e r  mechanism may a l s o  be important 

because energy could then  be transfel-red by r e l a t i v e l y  high energy photoelec- 

t r o n s  t o  ambient e lec t rons  before they lo se  a cocsiderable por t ion  of t h e i r  

energy through binary c o l l i s i o n s  with neu-trals and ions 

-- 

It has 

In  order t o  study such an e f f ec t ,  we have plpoceeded i n  two steps.  F i r s t  

t h e  d i s t r i b u t i o n  of  photoelectrons has been ca lcu la ted  ~tssumirg t h a t  t h e  

3 



photoelectrons in t e rac t  with the  ambient gas by b inary  c o l l i s i o n s  only. 

r e s u l t a n t  e lectron d i s t r i b u t i o n  i s  then assumed t o  be t h e  sum of a Maxwellian 

d i s t r i b u t i o n  f m  at some temperature Te plus t h e  computed photoelectron energy 

d i s t r i b u t i o n  f .  Considering t h i s  r e su l t an t  d i s t r i b u t i o n  as an " i n i t i a l "  d i s -  

t r i b u t i o n  the  e f f ec t s  of long range in t e rac t ions  a r e  included i n  t h e  second 

s t e p  by using the se l f -cons is ten t  f i e l d  method of Vlasov. Such a ca l cu la t ion  

w i l l  give a new e lec t ron  d i s t r i b u t i o n  funct ion modifying both t h e  temperature 

of t h e  ambient e lec t ron  gas and t h e  shape of t h e  photoelectron d i s t r i b u t i o n .  

So far, t h e  ca lcu la t ions  involving t h e  f i r s t  s t ep  have been completed and a r e  

reported i n  t h i s  sect ion.  

The 

In  t h e  calculat ions it has been assumed t h a t  only photoelectrons con- 

t r i b u t e  t o  the  non-Maxwellian shape of the  energy d i s t r i b u t i o n .  

of corpuscular rad ia t ion  i s  not included s ince  l i t t l e  r e l i a b l e  data a r e  cur-  

r e n t l y  avai lable .  However, t h e  ca lcu la t ions  can be modified t o  include such 

an e f f e c t .  

The e f f e c t  

The assumption of t h e  independence of t he  two component d i s t r i b u t i o n  

f'unctions should be elaborated.  

by f i x i n g  t h e  ambient e l ec t ron  d i s t r i b u t i o n  fm and ca l cu la t ing  t h e  energy 

loss of the  energic photoelectrons as they t r a v e r s e  t h e  ambient plasma. In  

o ther  words, t h e  energy l o s s  i s  computed by considering the  photoelectrons 

as t e s t  p a r t i c l e s  

se lves  do not a l t e r  t h e  ambient d i s t r ibu t ion .  The assumption of independence 

f a i l s ,  however, because t h e  photoelectrons a r e  cont inua l ly  i n t e r a c t i n g  with 

the  ambient e lec t rons ,  ions,  and neut ra l s .  In  f a c t ,  a f t e r  a photoelectron 

With I, and f independent, f can be computed 

which a r e  e f fec ted  by the  ambient p a r t i c l e s  but which them- 

4 



has suffered severa l  co l l i s ions ,  it cannot be dis t inguished from an ambient 

e lectron-there  i s  only one d i s t r i b u t i o n  funct ion f o r  a l l  t h e  e lec t rons  

present .  However, when t h e  i n i t i a l  energy of t he  photoelectron i s  much 

higher than t h e  average energy of the ambient e lec t rons ,  it i s  poss ib le  t o  

d i s t ingu i sh  photoelectron from ambient e lectron.  Then, t o  t h e  extent  t h a t  

t he  photoelectron energy exceeds the average e l ec t ron  energy, t he  t e s t  par-  

t i c l e  assumption i s  va l id  and t h e  two d i s t r i b u t i o n s  f and fm can be considered 

independent. A more exact so lu t ion  would be found by solving the  Boltzmann 

equation with a source term representing t h e  production of photoelectrons 

and a s ink  term represent ing a l l  processes which remove electrons.  In  t h i s  

way, a s teady-s ta te  e l ec t ron  d i s t r ibu t ion  funct ion would be obtained whose 

general  appearance would be Maxwellian near t h e  average k ine t i c  energy with 

an increased high energy region similar t o  t h e  curves i n  Fig. 2*5*  

2 a 2 THE PHOTOELFCTRON DISTRIBUTION FUNCTION 

Let f( e) be t h e  photoelectron energy d i s t r i b u t i o n  funct.ion, such t h a t  

f ( e ) d e  gives t h e  number of photoelectrons per  un i t  volume i n  t h e  energy in -  

t e r v a l  e t o  e + de. In tegra t ing  t h i s  funct ion over t he  i n t e r v a l  E t o  03 gives 

t h e  t o t a l  number of photoelectrons per  un i t  volume N(E) having energy g rea t e r  

than  E, o r  

N(E) = f ( e ) d e  . 
E 

Let q(E')  be t h e  photoelectron production r a t e ,  such t h a t  q(E')dE'  i s  

t h e  r a t e  at which photoelectrons a r e  produced i n  t h e  energy i n t e r v a l  E '  t o  

5 



E'  4- d E ' ,  i n  units of number of e lec t rons  per  sec per  u n i t  volume. Upon 

su f fe r ing  co l l i s ions  with ambients, t h e  e l ec t rons  l o s e  energy and a r e  spread 

i n t o  t h e  i n t e r v a l  E t o  E ' (E<E' )  i n  a time T(E ,E ' )  given by, 

p E '  

where r ( E )  = dE/dt is t h e  energy lo s s  r a t e .  

photoelectrons N ( E , E ' ) ,  r es id ing  i n  t h e  energy i n t e r v a l  E t o  E '  due t o  pro- 

duction at energy E '  i s ,  

Thus t h e  s teady-s ta te  number of 

N( E ,E ' )  = T( E,E ' )  q( E ' )  dE '  e (2.3) 

The t o t a l  number of photoelectrons having energy g rea t e r  than E i s  

given by t h e  i n t e g r a l  of expression ( 2 . 3 )  over all. production energies E '  

g r ea t e r  than E, 

Equating expressions (2.1) and (2.4) and making use of (2.2) and (2.3) it is  

found t h a t ,  a f t e r  changing the  order of i n t eg ra t ion ,  

Since t h e  lower l i m i t  of i n t eg ra t ion  E i s  a r b i t r a r y ,  t h e  integrands must 

be equal,  viz.  

6 



where Q(E) , t h e  accumulated production r a t e ,  i s  defined by, 

Thus t h e  d i  t r i b u t i o n  fun 

M 

Q(E) E 1 q(E')dE'  
E 

t i o n  i s  t h e  r a t i o  of t h e  :cumulated production 

r a t e  divided by t h e  energy l o s s  r a t e ,  and i t s  proper t ies  can be discussed 

separa te ly  i n  terms of t h e  two functions r ( E )  and &(E) e 

The energy lo s s  r a t e  r ( E )  i s  computed from binary co l l i s ions  between 

energe t ic  photoelectrons and ambient ions,  e lec t rons ,  and neut ra l s .  The 

c o l l i s i o n  processes a r e  many i n  number and t h e  ava i lab le  cross  sec t ion  data 

a re  by no means complete. 

e t  a1 t h e i r  energy l o s s  computations a re  employed without change. The 

c o l l i s i o n  processes considered by Dalgarno a r e  l i s t e d  i n  Table I. 

To avoid r e p e t i t i o n  of t h e  ca lcu la t ions  of Dalgarno 

- -', 

In  Fig, 2 . 1 t h e  s p a t i a l  energy l o s s  r a t e s  f o r  e lec t ron-neut ra l  and 

e lec t ron-e lec t ron  c o l l i s i o n s  a r e  p lo t ted  separately.  The a l t i t u d e  dependence 

of t h e  l o s s  r a t e s  r e s u l t s  from the a l t i t u d e  dependence of number dens i ty  and 

composition. Considering f i r s t  the rN curves ( e l ec t ron -neu t r a l  c o l l i s i o n s ) ,  

t h e  dominant cont r ibu t ion  i n  t h e  5 eV t o  15 eV range i s  from e l ec t ron ic  ex- 

c i t a t i o n  of 0, 02, and N2. Below 3 e V t h i s  energy l o s s  becomes in s ign i f i can t ,  

In  t h e  range from about le? eV t o  5 eV t h e  predominant energy l o s s  process 

i s  t h e  v ib ra t iona l  exc i t a t ion  of N2. 

l i g i b l e  compared t o  the  elecfron-electron l o s s ,  given by the re curves. 

Below 105 eV t h i s  process becomes neg- 

The 
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TABLE I 

TRANSITIONS TAKEN INTO ACCOUNT I N  DERIVOJG THE ENERGY 
DISTRIBUTION OF PHOTOELECTRONS 

Atoxic Oxygen Transi t ions 
Electron removed Resul t ing s t a t e  of 0' Threshold energy i n  eV 

2P 
2P 
2P 
2s 
2s 

4s 
2D 
2P 
4, 
2P 

13.6 
16.9 
18.7 
28.5 
40.0 

Molecular Oxygen Transit: 1 ons 
Electron removed Resul t ing s t . a te  of 02' Threshold energy i n  eV 

12.1 
16.2 
17.0 
1 8 a 2  

- 28 
N 40 

Molecular ni t rogen t r a n s i t i o n s  
Electron removed Resulting s t a t e  of &+ Threshold energy i n  e V  

0 

JrU2P 
a,2 s 

ag2s 

2++ 

8 

15.6 

16 7 
18 8 

- 35 



re l o s s  curves were computed ana ly t i ca l ly  by Butler and Buckingham. 7 

I \ / 

V 

rN : electron- neutral 

5 : electon - electron 
coli i sions 

col I i si on s 
I I I I I >  1 

2 4 6 8 IO 12 14 

Fig. 2.1. Energy l o s s  r a t e s  vs. energy. 

E ( e V )  

I n  Fig. 2.2 t h e  t o t a l  time ra t e s  of energy l o s s  a r e  given f o r  t he  t h r e e  

a l t i t u d e s  150, 200, and 250 km. 

t h e  rapid decrease i n  both t h e  v ibra t iona l  exc i t a t ion  of N 2  and t h e  e l ec t ron ic  

e x c i t a t i o n  of 0, 02, and N2. The maximum at  around 3 eV i s  connected with t h e  

high r a t e  of energy l o s s  i n  v ibra t iona l  exc i t a t ion  of N2 .  

r a t e  below 1.5 eV i s  connected with t h e  high p robab i l i t y  of e lec t ron-e lec t ron  

c o l l i s i o n s .  

The minimum at around 5 eV i s  connected with 

The increase i n  l o s s  

It i s  t o  be noted tha t  t h e  general  behavior of t h e  energy d i s -  

9 



I 
t r i b u t i o n  curve w i l l  follow c lose ly  t h e  inverse of t h e  l o s s  curve. 

IO I I I I I I I I 
4 0 2 6 8 IO  12 14 

E (eV)  

Fig. 2.2. To ta l  energy l o s s  r a t e s  vs. energy. 

The accumulated production ra te  Q(E) , found by adding a l l  t h e  contribu- 

t i o n s  t o  the  production rate q a t  energies g rea t e r  t han  E, i s  computed from 

t h e  most recent d a t a  on photon f lux and photoionizat ion c ross  sect ions.  

The photoelectron production rate i s  t h e  product of neu t r a l  p a r t i c l e  dens i ty ,  

photoionization cross  sec t ion ,  and photon f lux.  Photoionization of 0,  02, and 

N2 i s  included. 

8 8 

The r e s u l t  of t hese  computations i s  given i n  Fig. 2.3. The a l t i t u d e  

dependence of the accumulated production r a t e  follows t h e  a l t i t u d e  va r i a t ion  

10 
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of n e u t r a l  p a r t i c l e  dens i ty  and so la r  transmission coe f f i c i en t s .  

photoelectron d i s t r i b u t i o n  funct ion is  d i r e c t l y  proport ional  t o  t h e  accu- 

mulated production r a t e  Q, it i s  observed from Fig. 2.3 t h a t  t he  Q curves 

only s l i g h t l y  modify t h e  d i s t r i b u t i o n  u n t i l  an energy of about 15 eV where 

Since t h e  

they  rap id ly  cu t  o f f  t he  d i s t r i b u t i o n  function. 

l o o o o ~  

101 I I I I I I I 

0 2 4 6 0 10 12 14 
E (eV) 

Fig. 2.3. Accumulated product ion r a t e  vs. energy. 

The energy d i s t r i b u t i o n  function f ,  product of t h e  Q curves and the  l / r  

curves,  i s  presented i n  Fig. 2.4. For energies above 10 e V t h e  number of 

photoelectrons decreases very rapidly due t o  t h e  cut-off behavior of t he  Q 

curves. A hump o r  maximum occurs a t  around 5 eV as a r e s u l t  of t h e  simultaneous 

11 



decrease i n  v ibra t iona l  and e l ec t ron ic  e x c i t a t i o n  energy lo s ses  which " t rap" 

t h e  photoelectrons i n  t h i s  region. The t rough at around 3 eV i s  connected 

wi th  t h e  peak i n  energy l o s s  t o  v ib ra t iona l  e x c i t a t i o n  of N2. A s  a r e s u l t  

of t h i s  peak, fewer e lec t rons  a r e  allowed t o  remain a t  t h i s  energy. The d i s -  

t r i b u t i o n  funct ion increases  below 3 e V t o  a second hump at  around 1.5 e V  

corresponding t o  t h e  decrease i n  v ib ra t iona l  energy l o s s .  Below t h i s  energy 

t h e  dominant e lectron-electron energy l o s s  increases ,  causing a rapid de- 

crease i n  t h e  number of photoelectrons toward lower energy values. 

km 

1 I I I I 

I 2 4 E(eV18 IO 

Fig. 2.4. Photoelectron energy d i s t r i b u t i o n  f ( E )  vs. energy 
a l t i t u d e s  150, 200, and 250 km. 
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The t o t a l  e lec t ron  energy d i s t r ibu t ion  function i s  t h e  sum of t he  above 

photoelectron energy d i s t r i b u t i o n  function and an appropriately chosen Max- 

wel l ian  d i s t r ibu t ion .  Fig. 2.3 i l l u s t r a t e s  t h e  t o t a l  energy d i s t r i b u t i o n  f o r  

I I I I I 

0 2 4 6 8 IO 
E ( e V )  

Fig. 2.5. Total  energy d i s t r ibu t ion  f + fm vs. energy at 200 km f o r  e lec t ron  
temperatures of 1000°K, 2000°K, and 4000°K. 

t h e  t h r e e  temperatures, 1000, 2000, and 400O0K at  an a l t i t u d e  of 200 km. The 

charac te r  of t he  high-energy hump i s  highly dependent on the  ambient e lec t ron  

temperature chosen. A t  t h e  two lower temperatures t h e  hump i s  c l e a r l y  evident. 

A t  some temperature j u s t  below 4000°K, t he  hump disappears,  and f o r  a l l  higher 

temperatures the re  is no hump a t  a l l ,  but merely a raised high energy t a i l .  



The daytime temperature at. an a l t i t u d e  of 200 km i s  about 2500°K. 

conclude t h a t  i n  the  absence of  long-range in t e rac t ions  t h e  e l ec t ron  energy 

d i s t r i b u t i o n  displays a hunp on i t s  high energy t a i l .  

Hence, we 

i4 
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111. THEORY OF CURRENT C O L U C T I O N  BY MOVING CYLINDRICAL PROBES 
IN THE PRESENCE OF A MAGNETIC FIELD 

3.1 EQUATIONS OF MOTION 

The work leading t o  the equations of cur ren t  co l l ec t ion  by a moving cy l in-  

d r i c a l  probe i n  t h e  presence of a n  axial magnetic f i e l d  i s  out l ined i n  t h i s  

-b 

sect ion.  In t h e  general  case a uniform magnetic f i e l d  of i n t e n s i t y  B i s  o r i -  

ented i n  a d i r ec t ion  which makes an a r b i t r a r y  angle a with t h e  a x i s  of t h e  

c y l i n d r i c a l  co l lec tor ,  as shown i n  Fig. 3.1. Let a denote t h e  radius  of the  

t 

Fig. 3.1. Cylindrical  probe i n  a magnetic f i e l d .  

sheath, rc t h e  radius  of t he  co l lec tor ,  L i t s  length (!>>re), and 0 t h e  poten- 

t i a l  at any poin t  i n  t h e  sheath with respect  t o  t h e  neu t r a l  plasma. 

a funct ion of r only, with 9 = x2 + 9, then t h e  e l e c t r i c  f i e l d  in t ens i ty  

E = -d@/dr.  

If 0 i s  



. I  + 
The force  F experienced by a charged p a r t i c l e  of m a s s  m and charge q mov- 

+= -+ 
i n g  wi th  ve loc i ty  u i n  t h e  sheath i n  t h e  presence of an e l e c t r i c  f i e l d  E and 

-+ 
a magnet,ic f i e l d  B i s  given bh- t h e  Lorentz equatior,: 

-+ + + - +  
F = q[E+uxB] . (3.1) 

The components o f  t h e  acce le ra t ion  along t h e  x, y, and z axes, respec t ive ly ,  

a r e  

( 3 . 2 )  

where dots  represent t h e  t i m e  de r iva t ives  and B,, By, B, are t h e  components 

-b 

of B along t h e  corresponding axes. 

The system of equations given i r i  ( 3 . 2 )  can be e a s i l y  solved i f  

Bx = By = 9. I n  t h c t  case l e t  BZ = B and reduce t h e  system t o :  

5; = m 2 [Ey+iB] , 

.. 
z = o .  

( 3 . 3 )  

m - 3  o k t a i r  t h e  relati,-;.fi between t h e  anguiar  rnamenta of a p a r t i c l e  a t  t h e  

sheath edge and i i s i d e  t h e  sLeath, mul t ip ly  t h e  f i rs t  equat ion i n  (3.3) by 
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I -  

y, t he  second equation by x and subtract.. 

s ince E i s  a r a d i a l  f i e l d .  Thus, 

Note t h e  f a c t  t h a t  yEx - x% = O, 

-+ 

(x2+y2) D - (y;;-x?) = - - - cod d 
dt 2 d t  

This gives us, 

(3.4) cu yi - x i  = - - (x2+y2) f c1 , 
2 

where co = qB/m i s  t h e  cyclotron frequency, and c1 i s  t h e  constant of integra-  

t i o n  t o  be determined by t h e  i n i t i a l  values of the  pos i t ion  and t h e  ve loc i ty  

of t h e  p a r t i c l e  a t  t h e  sheath edge. If we transform Eq. (3.4) from t h e  

Cartesian rectangular coordinate system t o  polar  coordinates by pu t t ing  

x = r cos0, y = r s ine  we obtain 

Then employing t h e  i n i t i a l  values, i .e .  a t  r = a, a dQ/dt = u t ,  where u t  i s  

t h e  t angen t i a l  ve loc i ty  component of t h e  p a r t i c l e  at t h e  sheakh edge, we get 

where L$ i s  t h e  t axgen t i a l  veloci ty  component of t he  p a r t i c l e  ins ide  t h e  

sheath. 

The corresponding r e l a t i o n  between t h e  energy of t h e  p a r t i c l e  a t  t h e  

sheath edge and t h a t  ins ide  t h e  sheath may be obtained from ( 3 " 3 )  by multiply- 

ing  t h e  f irst  equation by 2 and the  second equation by y c  Then on adding t h e  



I 
two equations,  we get  

In  polar  coordinates t h i s  becomes 

d 2 2q d r  d o  
d t  m d t  

f 2 )  = - E -  = - -  
d t  ' - (u; +ut 

where -u$ = d r / d t  is t h e  radial ve loc i ty  of t h e  p a r t i c l e  ins ide  t h e  sheath.  

u; has been defined i n  such a way t h a t  it i s  pos i t i ve  f o r  a p a r t i c l e  t r a v e l -  

ing  toward t h e  probe. 

y i e l d s  

In tegra t ion  of t h e  above equation with respect  t o  t 

f 2 + %  2 = - Q o + c .  , 
ur m 

where c2 i s  t h e  constant of i n t eg ra t ion  t o  be determined from t h e  i n i t i a l  

values. If at r = a, 0 = 0, u$ = ur, and = %, then we ge t ,  

2 2 UL2 + u; 2 -  - - -  2q o + ur + ut . - m ( 3 . 6 )  

In  order  t o  obtain t h e  condi t ion of co l l ec t ion  we requi re  t h a t  u; be 

real and pos i t i ve  at  t h e  co l l ec to r  surface.  

Eqs. ( 3 * 5 )  and (3.6) become, a f t e r  s e t t i n g  u $ ~  2 0, 

Hence, at t h e  c o l l e c t o r  surface 

2 2 2 2qv u C c < u r + y / - - ,  
m (3 .8 )  

18 
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where i s  t h e  t angen t i a l  veloci ty  component a t  t h e  co l l ec to r  surface and 

V = @( rc) i s  t h e  probe p o t e n t i a l ,  i . e . ,  t he  voltage of t h e  co l l ec to r  with r e -  

spect t o  t h e  plasma. Elimination of u tc  between (3.7) and (3.8) y i e lds  

o r  

(3.9) 

Equation (3.9) def ines  t h e  range of 

i s  col lected.  Graphically t h i s  range can be represented by t h e  a rea  bounded 

by t h e  two branches of t h e  hyperbola 

f o r  which a p a r t i c l e  with a given ur 

as shown by Figs. 3.2(a) and 3.2(b) f o r  t h e  case qV < 0, i . e . ,  f o r  a p a r t i c l e  

which is  accelerated by t h e  co l l ec to r  po ten t i a l .  

t he  hyperbola a r e  

The ve r t i ce s  p1 and p2 of 

I 



(a) qV<O (acce lera t ing  po ten t i a l )  with (b) qV<O (acce lera t ing  po ten t i a l )  w i t h  

and 

q V  > 0 ( r e t a rd ing  po ten t i a l )  with 

Fig. 3.2 Domain of in tegra t ion  for t he  
current  Eq. (3.19) for t h e  above cases. 

If 

t he  a rea  i s  shown by Fig. 3 .2(a) ,  while f o r  

I 
1 
I 
1 
I 
i 
i 

t h e  a rea  i s  shown by Fig. 3 .2(b) .  

by t h e  co l l ec to r  po ten t i a l ,  e i t h e r  of the  following t w o  conditions must  be 

If q V  > 0, i . e . ?  if t h e  p a r t i c l e  i s  retarded 

20 



s a t i s f i e d  i n  order f o r  t h e  expression under the  square root  i n  Eq. (2.9) t o  

be non-negat ive , 

In t h e  case of condition (3.12a) the range of  allowed values i s  again repre- 

sented by t h e  shaded a rea  between the  two hyperbolas shown i n  Fig. 3 .2(b) .  

Since 

it follows t h a t  p1 > 0 always. I f ,  on t h e  other  hand, t h e  probe po ten t i a l  

s a t i s f i e s  t he  inequal i ty  (3 . l2b ) ,  then t h e  range of values of ( u r , u t ) ,  fo r  

which a p a r t i c l e  w i l l  be col lected,  i s  given by the  a rea  bounded by the  con- 

jugate  hyperbola shown i n  Fig. 3.3. 

- 

Thus, under the  conditions specif ied 

\ 

Fig. 3.3. Domain of in tegra t ion  f o r  t he  current Eq. (3.19) f o r  t he  case 
q V  > 0 ( r e t a rd ing  po ten t i a l )  w i t h  

21 



above, Figs. 3 ,2(a) ,  3 . 2 ( b ) ,  arzd 3 0 3  show t h e  domains of permissible v e l o c i t i e s  

of t h e  p a r t i c l e s  a t  t h e  sheath edge which w i l l  reach t h e  c o l l e c t o r  and con- 

t r i b u t e  t o  t h e  t o t a l  cur ren t  t o  t h e  probe. 

A t  t h i s  stage it i s  des i r ab le  t o  change t h e  va r i ab le s  i n  Eqs. (3.7) and 

(3.8) by s e t t i n g  ur = u COSQ,  

t i c l e  ve loc i ty  at t h e  sheath edge makes with t h e  rad ius  vector.  This i s  done 

because, for t h e  case of t h e  moving probe, t h e  subsequent i n t eg ra t ions  t o  ob- 

t a i n  t h e  corresponding cur ren t  equations f o r  qJ > 0 and qV< 0 a r e  considerably 

simplified when the  var iab les  of i n t eg ra t ion  a r e  u and 0. Thus i n  terms of 

u and 8 t h e  range defined by r e l a t i o n  (3.9) i s  given by 

% = u s ine .  Here 8 i s  t h e  angle which t h e  par -  

(3.13) 

where f o r  uniqueness 8 has t o  be chosen such t h a t  

lf lr - - < Q < -  a 

2 -  - 2  

Now we w i l l  s e t  up a general  expression i n  t h e  i n t e g r a l  form which w i l l  

represent t h e  current of e i t h e r  s ign  t o  t h e  probe and then  i n t e g r a t e  i t  over 

t h e  domains f o r  qV < 0 and q V  > 0 (as given above) t o  obta in  t h e  correspond- 

ing cur ren t  equations * 

3.2 GENERAL EXPRESSION FOR THE CURRENT 

The plasma i s  assumed t o  have a Maxwellian ve loc i ty  d i s t r i b u t i o n  at t h e  

sheath edge. I f  the probe i s  s t a t iona ry ,  t h i s  d i s t r i b u t i o n  i s  given by 
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where N i s  t h e  number dens i ty  of the p a r t i c l e s  under considerat ion and c i s  

t h e i r  most probable ve loc i ty ,  i .e. ,  c = mb; where k i s  Boltzmann's con- 

s t a n t ,  T i s  t h e  temperature of t h e  medium, and m i s  t h e  mass of t he  p a r t i c l e ,  

U r o ,  ut,, and uzo a r e  t h e  components of t h e  p a r t i c l e  ve loc i ty  i n  a frame of 

reference f ixed i n  space. When t h e  probe i s  moving, l e t  UT, u t ,  and uz de- 

note t h e  components of t h e  p a r t i c l e  ve loc i ty  i n  a probe-fixed coordinate sys- 

tem with z-axis along t h e  probe axis. Then, 

- u r O  - ur - w s in4  cosg 

u to  = u t  - w s inb  s ing 

- uzo - uz - w cos4 , 

-b -b 
where W i s  t h e  probe veloci ty ,  b i s  t h e  angle between W and t h e  ax i s  of t h e  

-b 

cyl inder ,  and f3 i s  t h e  angle between t h e  pro jec t ion  of W on the  plane per-  

pendicular t o  t h e  z-axis and the  radius vector ?* 

ordina tes  (3.14) becomes 

In terms of t h e  new co- 

+ (uz-w cosfd)2) . J (3.15) 

The number of p a r t i c l e s  crossing an in f in i t e s ima l  s t r i p  of a rea  ladg 

of t h e  sheath surface pe r  un i t  time i s  

U r d N  = lau,f ( Ury U t ,  uZ) durdutduzdg , (3.16) 

where I i s  t h e  length  of t he  cylinder.  On multiplying t h i s  expression with 

23 



t h e  charge q of t he  p a r t i c l e  and in t eg ra t ing  over t h e  desired limits, the  

following equation f o r  t h e  cur ren t  t o  the  probe i s  obtained: 

(3.17) '3 2 
f (ut-W s in+ sing) + (uz-W cosb) ) dUrdUtdu,dg . 

In  both cases of current  co l l ec t ion  (qV < 0 and qV > 0) t h e  l i m i t s  of p 

and uz a r e  0 - -  < g < 21-r and -m < uz < a, ( s ince  l>>a), respect ively.  

t eg ra t ion  of (3.17) with respect  t o  these  two var iab les  and rearrangement of 

t h e  terms yields,  

The in-  

(3.18) 

where K = ( W  s inb)/c and Io(x) i s  t h e  modified Bessel funct ion of order zero. 

In tegra t ion  of (3.18) i s  g r e a t l y  s implif ied by s e t t i n g  uy. = u cos0, 

u t  = u s ine.  Thus 

where J = Nq211lr~ i s  the  random current  t o  t h e  probe. Equation (3.19) 

i s  t h e  general  expression f o r  t h e  current  co l lec ted  by a moving c y l i n d r i c a l  

probe of l eng th  P a n d  radius  rc surrounded by a sheath of radius  a. The 

a rea  of in tegra t ion  i s  determined by t he  d i f f e ren t  cases of i n t e r e s t  ( i . e . ,  

accelerated current,  retarded current ,  e t c . ) ,  as discussed i n  t h e  preceding 

sec t  ion. 
24 
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3.3 ACCELERATED CURREJlT (qV < 0) 

We have already seen t h a t  when the  p a r t i c l e s  a re  accelerated by the  col-  

l e c t o r  po ten t ia l ,  t h e  domain of in tegra t ion  i s  given by Eq. (3.13) with qV < 0 

and is  represented graphical ly  by Figs. 3 ,2(a)  and $.2(b) i n  assoc ia t ion  with 

t h e  inequa l i t i e s  (3.lla) and (3.llb), respect ively.  L e t  us, f irst ,  consider 

t h e  s i t u a t i o n  where the  inequal i ty  (3.lla) holds, i . e . ,  

Upon dividing both s ides  of (3.lla) by c = 4- and l e t t i n g  w/2c = a, 

2qV/mc2 = qV/kT = Vo and T~ = rz/( a2-r$), r e l a t i o n  (3 . l l a )  becomes 

aa  <Mo- . 

In order t o  in t eg ra t e  (J.l9), t he  shaded region i n  Fig. 3.2(a) i s  divided 

i n t o  th ree  regions R1, R2, and R3 as shown i n  Fig. 3 .4(a) .  

Fig. 3.4(a).  Domain of integrat ion f o r  t h e  case shown i n  Fig. 3.2(a) i n d i -  
ca t ing  t h e  three  subregions i n t o  which t h e  domain has been decomposed f o r  
purposes of in tegra t ion .  

Let us consider t h e  in t eg ra l  

25 



2 = J G  cos0 du dQ , 
R 

2 2  
where G = u2e-U /c Io@ 9 and R = R1URdR3.  Thus 

- - s l p l l  sJ2 G COSQ du d0 + sp2 s G cos0 du d0 + [lle2G COSQ du d0 
l P l l  Q=Q1 0 - l-42 

where 

e2 = s i n  -1 (?)+ 2 J r y ]  
and p1 and p2 a r e  given by (3.10). After i n t eg ra t ing  wi th  respect t o  0 we ge t ,  

2 t P 1 ' G  du +Jp2  G( 1-sine,) du + s G( sine2-sinQ1) du 
0 IPl I P2 

8 =  

G sineldu + G( sine2-sinel)du . 
- - /'"". 0 du + I p 2 G  0 du -Ip2 1P1 I Sm P2 

Taking each in t eg ra l  separa te ly  and in t eg ra t ing  one obta ins  

26 
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A =  spl 0 

= c3  i 

G du = S" du 
0 

-U2/C' u2e 

-t a-1 where y ( a , x >  = e t d t  is the incomplete Gamma function. Similarily, sx 0 

B = JP2G du 
0 

r. P2 
C = J G sinel du 

IP1 I 
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Also 

J 
P2 

~ - C+D = - c u  
2 

He re 

and 

where 
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r (v ,x)  = ,[me-ttv-ldt ~ 

X 

This last in t eg ra t ion  has been carr ied out i n  d e t a i l  i n  an e a r l i e r  paper, 10 

Subs t i t u t ion  of the  r e s u l t s  A, B, -C+D, i n t o  Eq. (3.14) y i e lds  t h e  ex- 

---- 
pression f o r  t h e  accelerated current f o r  t h e  case aa <@r$-+V0,  

1 
J 

2 

22 - v.} Jn(2K.r-v0) , + r n + -  (- 27 c2 

where 

(3.21) 

and Ja =~kT/2mz~Nqa2nRrc i s  t h e  random current  t o  t h e  probe of t h e  accelerated 

p a r t i c l e s  of charge qao 

Equation (3.21) reduces t o  the following form when tc = 0, which occurs 

e i t h e r  when t h e  probe i s  s ta t ionary  ( w  = 0) o r  when 8 = 0" 



. 

where pl/c = oa&%~-r2Vo has been replaced by -pl/c s ince  the  l i m i t  of in-  

t eg ra t ion  i s  ( p l l ,  and pl/c < 0. Equation (3.22) has been reported e a r l i e r . 3  

Several  other  cases of i n t e r e s t  which a r i s e  by s e t t i n g  CY = 0 ( i . e . ,  

10 B = 0) i n  Eqs. (3.21) and (3.22) have been discussed i n  f u l l  d e t a i l  e a r l i e r .  

When t h e  inequal i ty  (3 . l lb)  holds, i . e . ,  i f  

(3.23) 

then t h e  domain of in tegra t ion  of (3.19) i s  represented graphical ly  by Fig. 

3.2(b). 

i n  Fig. 3 .4(b) .  

A s  before,  t h e  region is  divided i n t o  two regions R1 and R2 as shown 

Fig. 3 .4(b) .  Domain of i n t eg ra t ion  f o r  t h e  cases  shown i n  Fig. 3.2(b) in -  
d i ca t ing  t h e  two subregions i n t o  which t h e  domain has been decomposed f o r  
purposes of integrat ion.  

1 
I 
I 
I 
I 
I 

1 
I 
1 
1 
I 
1 

Thus, 



G cos0 du dQ + G COSQ du dQ 
P1 81 

G( l-sin0,)du + G( sinQ2-sinQ1) du 
P 1  P2 

All t h e  in tegra t ions  have been performed above. 

then represents  t h e  accelerated current under t h e  condition of inequal i ty  

given i n  (3.23) 

The f i n a l  r e s u l t  given below 

For IC = 0 it can be e a s i l y  shown t h a t  Eq. (3.24) reduces t o  Eq. (3.22). The 

negative s ign  i n  f r o n t  of t h e  function y(n+3/2, pf/c2) i n  Eq. (3.24) i s  taken 

care  of because t h e  argument of the first e r r o r  function i n  Eq. (3.22) i s  

-pl/c, as has been pointed out above, while t h e  corresponding error funct ion 

obtained by s e t t i n g  IC = 0 i n  Eq, (3.24) has t h e  argument pl/c. Since, however, 

erf( -pl/c) = -erf(p,/c) , t h e  correct  s ign  i n  f ron t  of t h e  e r r o r  funct ion i s  

automatical ly  assured. Therefore, if K = 0, Eq. (3.22) i s  t h e  expression f o r  



t h e  accelerated current  f o r  both cases p1 > 0 and pl < 0. 

3.4 RETARDED CURRENT (qV > 0) .  

If t h e  p a r t i c l e s  en ter ing  t h e  sheath a re  repel led by t h e  co l l ec to r  poten- 

t i a l ,  Eqs. (3.9) o r  (3.13)define 

c i a t i o n  with the  ranges of V given by t h e  inequa l i t i e s  (3.l2a) and (3.12b) 

Let us  consider each case separately.  

t h e  domain f o r  i n t eg ra t ing  (3.19) i n  asso- 

If Vo < - cr2r$/T2, t h e  domain of in t eg ra t ion  of (3.19) i s  represented by 

t h e  dashed region enclosed between t h e  two branches of t h e  hyperbola shown 

i n  Fig. 3.2(b). However, t h i s  i s  t h e  same domain as i n  t h e  case of t h e  cur- 

r en t  Ia2. Thus the  solut ion i s  of t h e  same form as 

t h e  retarded current  f o r  t h e  case Vo < - cr2rE/T2, Ir1 

Eq. (3.24) . Denoting by 

we have, therefore ,  

where Jr = J w N q r l r c  i s  t h e  random current  t o  t h e  probe of t h e  retarded 

p a r t i c l e s  of charge qr and where t h e  modified Bessel funct ion In (z )  is  de- 

fined by 

I,(z) = i - n J n ( i z )  . 

For IC = 0, Eq. (3.25) reduces t o  t h e  following form: 
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which i s  of t h e  same form as Eq. (3 ,22)  for t h e  accelerated current ,  

It i s  evident from Eqs.  (3.25) and (3.26) t h a t  i n  t h e  presence of a 

magnetic f i e l d  and Vo < a2r$/T2 the current  t o  t h e  probe due t o  t h e  retarded - 

p a r t i c l e s  involves t h e  parameter a / rc  which would not be t h e  case i n  t h e  

absence of t h e  magnetic f i e l d  or when Vo > 8rz/-r2, as shown below. - 
If Vo 2 d r E / T 2 ,  t h e  domain of i n t eg ra t ion  of Eq. (3.19) i s  shown i n  

Fig. 3.3. To in t eg ra t e  (3.19), we first  need t o  f ind  t h e  minimum value of u. 

This may be done as follows: 

The minimum value of u occurs when 01 = 02, i .e . ,  where 

This gives %in = d a .  
d i t i o n  Vo - > u2r$/T2, then  we wri te  

I f  Ir2 denotes t h e  retarded cur ren t  f o r  t h e  con- 
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Equation (3.27) i s  c l e a r l y  independent of u and a/rc. From t h i s  we con- 

clude t h a t  t h e  retarded current  t o  t h e  probe i s  unaffected by t h e  presence of 

t h e  magnetic f i e l d  whenever Vo i s  l a r g e r  than o r  equal t o  u2r$/.i.2. 

t e g r a l  i n  Eq. (3.27) has been evaluated by Kanal. ’’ The r e s u l t  i s  

The in -  

03 

n (2n+1) ! I C  . 

-vo-K2 c ( n: ) 2 2 2 n ~ E f l  
I,, = Jr e 

n=o 

2 2  For values of Vo = u rC /T2 ,  Eqs. (3.25) and ( 3.28) reduce t o  t h e  follow- 

ing form: 

a, n 

For K = 0, Eq, (3.29) becomes: 

Equations (3.29) and (3 .30)  represent t h e  cur ren t  of t h e  retarded 

p a r t i c l e s  at t h e  point of t r a n s i t i o n ,  i a e e ,  when v0 = 2 2  re/.”. 
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3 5 DISCUSSION 

All t h e  equations we have derived a re  based on t h e  assumption t h a t  t h e  

p a r t i c l e s  have a Maxwellian veloci ty  d i s t r i b u t i o n  at t h e  sheath edge and t h a t  

t h e  mean f r e e  pa th  of t h e  p a r t i c l e s  i s  s u f f i c i e n t l y  l a rge  t o  ensure a co l -  

l i s i o n l e s s  sheath. We have ignored t h e  e f f e c t  of t he  magnetic f i e l d  on t h i s  

d i s t r ibu t ion .  

type) t he  current  equations were derived for acce lera t ing  and re ta rd ing  probe 

potentials.,  Thus f o r  the  accelerat ing p o t e n t i a l  we obtained Eq. ( 3 = 2 l ) ,  

va l id  through t h e  domain prescribed by t h e  inequal i ty  (3.2O), and Eq, (3,24) 

va l id  f o r  t h e  corresponding inequal i ty  given by (3.23). For IC = 0 both Eqs. 

(3.21) and (3.24) y ie ld  Eq. (3,22).  For t h e  retarding po ten t i a l ,  Eq. (3.25) 

was obtained under t h e  condition t h a t  Vo < - a2r;/-?- 

reduced t o  Eq, (3.26) 

f i e l d  had. no e f f e c t  on t h e  current  as exhibited by Eq. (3*28) e 

Vo = 02rE/T2 both Eqs. (3.25) and (3.28) reduced t o  Eq. (3.29) which, then, 

w a s  special ized f o r  IC = 0 t o  obtain Eq. (3.30) e 

Then i n  conjunction with a given sheath model (of  Langmuir 

For IC = 0, t h i s  equation 

For Vo > - a'.:/.", we concluded t h a t  t h e  magnetic 

For 

In  p l o t t i n g  t h e  current  cha rac t e r i s t i c s  one i s  usua l ly  faced with t h e  

problem of def ining t h e  sheath dimensions e x p l i c i t l y  i n  r e h t i o n  t o  t h e  probe 

po ten t i a l s ,  In a plasma without a magnetic f i e l d  one need consider t h e  

sheath dimensions only insofar  as the  accelerated current  i s  concerned. 

This,  however, i s  not t h e  case when t h e  magnetic f i e l d  is  present ,  s ince 

then,  t h e  r e t a r d e d  current  f o r  Vo < - u2rg/?, a l so  exh ib i t s  dependence on 

t h e  sheath dimension as i s  c l e a r  from Eq, (3 .25 )  Thus f o r  a meaningful p l o t  

of t h e  current  cha rac t e r i s t i c s  it i s  imperative t o  seek a proper r e l a t i o n  be- 
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I 
tween Vo and a/r, f o r  both modes of current  co l lec t ion .  

accuracy of such a r e l a t i o n  i s  of c r i t i c a l  importance i n  avoiding t h e  

spurious behavior of  t h e  current  c h a r a c t e r i s t i c s  i n  t h e  acce lera t ion  

The degree of 

region, as has been discussed i n  d e t a i l  i n  t h e  semiannual r e p ~ r t . ~  One 

must obviously solve t h e  sheath problem t o  obta in  the  above mentioned equa- 

t i o n  i n  order  t o  be able  t o  a f f i x  any physical  meaning t o  t h e  equations so  

far derived. On account of t h e  absence of such a r e l a t i o n  no volt-ampere 

c h a r a c t e r i s t i c s  can be included i n  t h i s  repor t .  



I V .  THEORY OF THE PLASMA WAVE PROBE 

b e l  GENERAL EXPRESSION FOR THE AC RESPONSE 

Work has been s t a r t e d  on t h e  der iva t ion  of t he  expression f o r  t h e  r e -  

The two cases of a low frequency wave sponse of a probe t o  a plasma wave. 

and a high frequency wave w i l l  be t r e a t e d  separa te ly .  In  t h i s  connection 

the  low frequency range i s  defined as w << tr-', where tr i s  t h e  time of re -  

f l e c t i o n  of an e l ec t ron  from t h e  negative probe; and conversely the  high 

frequency i s  t h e  range where (o >>tr 

been solved. Work on t h e  high frequency case w i l l  be car r ied  out i n  t h e  

fu tu re ,  

-1 . So far t h e  low frequency case has 

-1 If o << tr then the  phase of t h e  wave remains e s s e n t i a l l y  unchanged 

during t h e  time t h e  e l ec t ron  spends ins ide  t h e  sheath. Therefore, steady 

s t a t e  conditions can be applied.  We consider a Maxwellian e l ec t ron  d i s t r i b u -  

t i o n  w i t h  a superposed longi tudinal  plasma wave, 

f (  ? , G , t )  + fl(?,d,t)  (4.1) 

where t h e  ve loc i ty  v' i s  expressed i n  u n i t s  of t h e  thermal ve loc i ty  c and 

No = average e l ec t ron  number densi ty  

2KT 
m 

c2 = - ,  
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T = e lec t ron  temperature 

m = e lec t ron  mass 

K = Boltzmann's cons tan t .  

For a plasma described by t h e  l i nea r i zed  Vlasov equation t h e  per turba t ion  

11 + +  
f i ,  proport ional  t o  exp[i(k.r-cut) 1, i s  given by t h e  expression 

where 

+ + 
vk = component of v i n  the  d i r ec t ion  k, 

+ + +  
and A( r, t) i s  assumed t o  be proport ional  t o  exp [ i (  k. r-cut) 1 e 

The response of  a c y l i n d r i c a l  probe t o  a per turba t ion  of t h e  above form 

f o r  t h e  case  where t h e  probe makes an angle of 90" with  t h e  propagation 

+ 
vector  k has been calculated.  It i s  assumed t h a t  t h e  diameter of t h e  sheath 

surrounding t h e  cyl inder  i s  small compared with t h e  wavelength of t h e  plasma 

wave. In  t h a t  case a l l  po in ts  on t h e  sheath edge can be considered i n  phase 

so t h a t  t h e  fac tor  ei k e r  w i l l  be approximately uniform throughout t h e  sheath,  
+ +  

The parameter A i s  therefore  taken t o  be of t h e  form Be-icut, where B i s  con- 

s t a n t  i n s ide  t h e  sheath. 

In  addi t ion  amy d i f f r a c t i o n  of t h e  wave by t h e  probe i s  neglected; t h a t  

i s  t h e  wave i s  considered t o  be undisturbed by t h e  probe. 

The t o t a l  current co l lec ted  by t h e  probe i s  then  



t 

where 

a =  

I =  

q =  

z =  

@ =  

vr = 

v t  = 

vz = 

sheath radius, 

l ength  of the cylinder,  

charge of the p a r t i c l e s  under consideration, 

coordinate ax is  along ax i s  of cylinder,  

azimuth angle i n  t h e  plane perpendicular t o  t h e  a x i s  

of t h e  cylinder, 

r a d i a l  ve loc i ty  component i n  t h e  plane perpendicular 

t o  t h e  ax i s  of t h e  cylinder,  

t a n g e n t i a l  ve loc i ty  component i n  t h e  plane perpendic- 

u l a r  t o  t h e  axis of t h e  cy l inder  

ve loc i ty  component along t h e  z-axis. 

The limits of t h e  vr and vt in tegra t ions  are determined from conservation of 

energy and angular momentum, namely 

where 

v = p o t e n t i a l  of t h e  c o l l e c t o r  wi th  respect 

t o  the  sheath edge, 

rc = radius of co l l ec to r .  
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The co l l ec to r  po ten t i a l  i s  taken pos i t i ve  when t h e  c o l l e c t o r  a t t r a c t s  t h e  

electrons.  

ce l e ra t ing  potne t ia l )  and v1 when Vo > 0 ( r e t a rd ing  p o t e n t i a l ) .  

due t o  t h e  f i n i t e  length of t h e  cyl inder  a re  neglected. 

The lower l i m i t  of t h e  vr in t eg ra t ion  is 0 when Vo < 0 (ac-  

End e f f ec t s  

Subst i tut ion o f  Eqs. (4.1), (4.2), and (4.3) i n t o  Eq. (4.4) gives an 

expression of the form 

where IDc is  the  term involving t h e  equilibrium d i s t r i b u t i o n  funct ion fo, 

and IAC represents t h e  response of t h e  probe t o  t h e  plasma wave fl. 

development which follows w e  s h a l l  be concerned only with t h e  AC component 

of t h e  co l l ec to r  current .  The DC component has been calculated previously 

by many authors. We have then 

In  t h e  

where Q is given by 

Q = -  acdBq giut 
k 

-03 

- - acdBq J n  e- icu t  
k (4.3) 

vk can be expressed i n  terms of vr and v see Fig. 4.1, vk = v @ose+v sine.  t '  r t 
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Fig. 4.1. 
ve loc i ty  components t o  wave vector k. 

Perpendicular cross  sect ion of t h e  sheath edge showing r e l a t i o n  of 
-t 

Hence IAc becomes 

The above integrand can be separated i n t o  two p a r t s  as follows 

Subs t i tu t ing  those two terms in to  the  expression f o r  IAC one obtains 

where Q i s  given by Eq. (4.5). Equation (4.6) is t h e  general  expression for  
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t h e  AC response of a probe t o  a plasma wave under t h e  assumptions s t a t ed  

above e 

In tegra t ion  of t h e  f i r s t  term i s  elementary. The r e s u l t  i s  

where 

X 

e r f (x )  = 21 e-Y2dy 
0 

and 

er fc (x)  = 1 - e r f ( x )  , 

4.2 ACCEIERATING POTENTIAL 

In car ry ingout  t h e  in t eg ra t ion  of t h e  second term, t h e  case of t h e  ac- 

ce l e ra t ing  p o t e n t i a l  (Vo < 0) w i l l  be considered f i r s t .  

transformation of the  var iab les  of i n t eg ra t ion  

Af'ter t h e  following 

vy = u cos# 

vt = u s in4  

dv,dvt = u du d# 
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t h e  i n t e g r a l  becomes 

R’ i s  t h e  region bounded by t h e  t w o  hyperbolas vtl = h d v o  , as shown 

by t h e  shaded a r e a  i n  Fig. 4.2. 

vt 

Fig. 4.2. Region of i n t eg ra t ion  R- fo r  t h e  case of an acce lera t ing  p o t e n t i a l  
0, < 0 ) .  

I n  terms of t h e  var iab les  u, 6 t he  region of in t eg ra t ion  i s  given by the  ex- 

pres  s ions  

where 

..__- 
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A s  shown i n  Appendix A t h e  0- in tegra t ion  gives t h e  following r e s u l t  

(4 .9)  

Hence, a f t e r  subs t i t u t ion  of Eq. (4.9) i n t o  Eq. (4.8) t h e  following r e s u l t  

i s  obtained, 

J; =( 

where 

The regions of in tegra t ion  for t he  two above cases are shown i n  Figs. 4-3 

and 4.4. 
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vt 

Fig. 4.3. Region of  in tegra t ion  f o r  an acce le ra t ing  
p o t e n t i a l  f o r  t h e  case 7 < TE. 

“t 

Fig. 4.4. Region of in tegra t ion  f o r  an acce lera t ing  
p o t e n t i a l  f o r  t he  case 7 > 7-. 

The case 7 < ~mwill be considered f i r s t .  

a f a c t o r  2. Hence, 

The 4- in tegra t ion  introduces 

45 



The above i n t e g r a l  i s  evaluated i n  Appendix B. The r e s u l t  is, according t o  . 

This i s  t h e  solut ion of t h e  i n t e g r a l  i n  Eq. (4.8) f o r  t h e  case where 

q < T 4 - V o .  

If q > 7 G 0 ,  then J; i s  a sum of two i n t e g r a l s  [see Eq. (4.10b)l. 

A f t e r  performing t h e  in tegra t ion  with respect  t o  t h i s  becomes 

The so lu t ion  of t h e  f i r s t  of these  two i n t e g r a l s  i s  obtained by s e t t i n g  

a = 0, b = T Go, and c = 0 i n  Eq. (B-1) of Appendix B while t h e  so lu t ion  

of t h e  second i s  obtained by s e t t i n g  a = T 6, b = q ,  c = -Vo. Hence, 

- 
JZ2 becomes 

That p a r t  o f  the above sum containing t h e  func t ion  y 

car r ied  out by making use of Eq. (B-3), according t o  which 
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Eq. (4.12) may the re fo re  be rewri t ten i n  t h e  following way, 

- 10(59] 

Upon subs t i t u t ion  of Eqs. (4 .7) ,  (4.11),  and (4.14) i n t o  Eq. (4.6) t h e  ac- 

ce lera ted  current  f i n a l l y  becomes 

where Jil and Ji2 a re  given by Eqs. (4.11) and (4.14) respect ively.  

4.3 RETARDING POTENTIAL 

In  t h e  case of a re ta rd ing  po ten t i a l  (Vo > 0) t h e  Lower l i m i t  of in -  

t e g r a t i o n  with respect t o  vy i n  Eq. (4.6) i s  v1 =K. 
appearing i n  Eq. (4.6) has been solved f o r  t h e  case of Vo > 0. 

The f i r s t  i p t e g r a l  

The so lu t ion  
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i s  given i n  Eq. (4.7). It i s  

The second i n t e g r a l  appearing i n  Eq. (4.6) i s  

where t h e  var iab les  of i n t eg ra t ion  have again been transformed t o  polar  co- 

+ 
ordina tes  and where t h e  region of in t eg ra t ion  R i s  given by t h e  area bounded 

by t h e  hyperbola vt = ~ T J G - V ~ ~  as shown i n  Fig. 4.5. The in tegra t ion  
3 

"t 

Fig. 4.5. Region of  i n t eg ra t ion  f o r  r e t a rd ing  p o t e n t i a l  (Vo > 0) .  

with respect  t o  8 has already been car r ied  out i n  t h e  sec t ion  on t h e  ac- 

c e l e r a t i n g  poten t ia l .  The r e s u l t  i s  given by Eq. (4.9). In  t h e  in tegra-  

t i o n  over u and 8 t he  two cases 7 < and 7 > ./v, have t o  be dis t inguished.  

The i n t e g r a l  i n  Eq. (4.17) i s  non-vanishing only over t h e  region of i n t e r -  

s ec t ion  of t h e  c i r c l e  of radius  7 with t h e  a r e a  n+, shown i n  F ig ' s .  4.6 

and 4.7 f o r  t h e  two cases 7 < 6 and 7 > Go. 
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A 7 
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--t V r  

Fig. 4.6. Region of in tegra t ion  Fig. 4.7. Region of  in tegra t ion  
f o r  t h e  case 7 <K. for  t h e  case 7 >K. 

The region of i n t e r sec t ion  i s  shown shaded. It i s  seen t h a t  J2 + vanishes 

when 7 <fro. 
case 7 >G. 

The rest of the  treatment w i l l  therefore  be devoted t o  t h e  

In  t h a t  case Eq. (4.17) can be wr i t t en  i n  t h e  form 

where as before 

r 1 

After t h e  &integra t ion  t h i s  becomes 

(4.18) 

The above i n t e g r a l  has been evaluated i n  Appendix B. 

b =  7 ,  c = -Vo i n  Eq. (B-1) we obtain 

Put t ing a = s, 
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According t o  Eq. (4.13) t h i s  i s  equal t o  
- 

Hence, t h e  retarded current  i s  given by t h e  following expression 

+ I IAC = 4 

+ 
where J2 i s  given by Eq. (4.19) a 

(4.20j 

4.4 DISCUSSION 

Equations (4.13) and (4.20) a re  t h e  expressions f o r  t h e  accelerated and 

retarded AC currents ,  respect ively.  Both of t hese  cur ren ts  a r e  proport ional  

t o  e -  iwt. 

s i s t s  of t h e  usual DC component p lus  a superposed AC component which o s c i l l a t e s  

with t h e  frequency of t h e  plasma wave. A de t a i l ed  ana lys i s  of t h e  arrplitude 

of t he  AC response as a funct ion of probe p o t e n t i a l  must await f u r t h e r  tal- 

cula t ions ,  espec ia l ly  the  summing of t h e  expression J12 given by Eq, (4 .14) .  

This work i s  being car r ied  out a t  t h e  present  t ime,  I n  addi t ion  t h e  important 

question of whether o r  not t h e  amplitude of t h e  response i s  l a rge  enough f o r  

de tec t ion  w i l l  be invest igated.  

We conclude the re fo re  t h a t  t h e  cur ren t  co l lec ted  by the  probe con- 

O f  p a r t i c u l a r  i n t e r e s t  is t h e  l imi t ing  value of t h e  response as the  r a t i o  

r,/a goes t o  zero. This l i m i t  depends, of course,  on t h e  value of t h e  
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p o t e n t i a l  Vo. In ionospheric appl icat ions,  however, t h e  probe radius  w i l l  

i n  general  be small as compared with t h e  Debye length.  I f  t h e  probe i s  a t  

i t s  equilibrium p o t e n t i a l  ( i . e . ,  if it i s  not d r iven ) ,  t h e  sheath thickness  

i s  of t h e  order  of t h e  Debye length AD. 

t h a t  rc/a << 1. 

Therefore, i f  r , / A 3  << 1, it follows 

A s  t h e  probe i s  driven more negative than  i t s  equilibrium 

p c t e n t i a l ,  t h e  sheath radius  increases and hence rc/a decreases fu r the r .  

Taking the  l i m i t  as rc/a + 0 one obtains f o r  t h e  AC curren t  t h e  following 

expressions 

L J 

-11 

+ I Lim IAc - --< -, 

q <4vo  

( 1.2G ' ) 

The l i n i t  of t h e  accelerated current f o r  t h e  case q < r c / a J q  has co t  been 

competed s ince  t h e  phase ve loc i ty  of t h e  plasma wave always exceeds t h e  

51 



e lec t ron  thermal ve loc i ty  ( io e. ,  17 > 1) , while tC/q 6 << 1 has been assumed 

i n  tak ing  t h e  above l i m i t .  

Another l imi t ing  value of  i n t e r e s t  i s  t h e  one as a/rc -+ 1, This l i m i t  

occurs, when t h e  probe potentia.1 approaches t h e  plasma po ten t i a l ,  and gives 

rise t o  t h e  following expressions, 

r ccdBqs  e-Voe-imt r k 
+ 

L i m  IAc ={ 

(4.20") 
J L 

By varying t h e  probe p o t e n t i a l  t h e  ex9erimenter can con t ro l  whether t h e  probe 

operates  i n  t h e  region where a/rc + co or a/rc + 1. 

The inves t iga t ion  i s  continuing with a view toward obtaining a b e t t e r  

understanding of the general  behavior O f  the  plasma wave probe i n  a l l  f r e -  

quency regions so t h a t  it can be used f o r  meaningful ionospheric measurements. 
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V. DISCUSSION 

The study of t h e  e l ec t ron  d i s t r i b u t i o n  as described i n  Section I1 shows 

t h a t ,  considering only s o l a r  electromagnetic r ad ia t ion  as energy input and 

b inary  co l l i 3 ions  as e l ec t ron  energy l o s s  mechanism, a hign energy hump i n  

t h e  energy d i s t r i b u t i o n  r e s u l t s .  

of s t a b i l i t y  of c e r t a i n  i so t rop ic  ve loc i ty  d i s t r i b u t i o n s  assuming a hump i n  

t h e  energy d i s t r i b u t i o n .  This work has shown t h a t  i f  t h e  ambient e l ec t ron  

temperature i s  low enough, t h e  presence of such a hump may give r i s e  t o  grow- 

ing  plasma waves. Such an i n s t a b i l i t y  would modify both t h e  ambient e l ec -  

t r o n  d i s t r i b u t i o n  ( i o e o ,  t h e  temperature) and t h e  high energy hJmp i r _  such 

a way as t o  quench t h e  i n s t a b i l i t y .  

Drummond e t  al.,’ have studied t h e  question -- 

The inves t iga t ion  of t h e  s t a b i l i t y  conditions f o r  spher ica l  plasma 

waves has been continued and is near completion. The r e s u l t  of t h i s  work 

w i l l  be described i n  a fu tu re  report .  

The e l ec t ron  energy d i s t r i b u t i o n  ca lcu la ted  i n  Section II i s  a l s o  being 

used t o  study t h e  ?Importance of the  cont r ibu t ion  of e l ec t ron  impzcx exc i t a -  

t i o n  t o  t h e  t o t a l  63000 A red l i n e  emission i n  t h e  atmosphere. The ex- 

i s t e n c e  of a kump i n  t h e  energy d i s t r i b u t i o n  may a l s o  be importmt i n  ob- 

t a i n i n g  t h e o r e t i c a l  estimates of space c r a f t  equilibrium p o t e n t i a l ,  Cal- 

cu la t ions  t o  e s t a b l i s h  t h e  s ign i f icance  of t h i s  hump on t h e  equilibrium 

p o t e n t i a l  a r e  being ca r r i ed  out.  

12 

It has been pointed out a t  the  end of Section 111 t h a t  i r ?  order t.0 ob- 

t a i n  a meaningful voltage-current r e l a t i o n  it i s  necessary t o  have an equation 
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which r e l a t e s  the  sheath dimension t o  t h e  probe po ten t i a l .  

t i o n s  of t h i s  type have been derived fo r  t he  case of no magnetic f i e l d ;  how- 

ever t h e  use of such a r e l a t i o n  causes spurious r e s u l t s  as w a s  shown i n  t h e  

semiannual r e p ~ r t . ~  

presence of a magnetic f i e l d  has been s t a r t ed .  A b r i e f  account of two methods 

thus  employed i s  as follows: 

Approximate r e l a -  

For t h i s  reason a study of t h e  sheath problem i n  t h e  

Taking t h e  c y l i n d r i c a l  c o l l e c t o r  as an example (although t h e  ana lys i s  

holds equal ly  well  f o r  spher ica l  geometry), t h e  first method13 relies on t h e  

f a c t  t h a t  i n  the  absence of c o l l i s i o n s  t h e  t o t a l  cur ren ts  car r ied  by each 

kind of p a r t i c l e s  across  two coaxia l  cyl inders  of a r b i t r a r y  radii a r e  equal. 

This enables one t o  determine the  ve loc i ty  d i s t r i b u t i o n  of t h e  p a r t i c l e s  in -  

s i d e  t h e  sheath i n  terms of t h a t  i n  t h e  undisturbed zone. Then, on obtain-  

ing t h e  region of permissible ve loc i t i e s  ins ide  t h e  sheath by means of Eqs. 

(3.5) and ( 3 . 6 ) ,  t h e  equation f o r  t he  dens i ty  of t h e  p a r t i c l e s  may be de- 

rived by in tegra t ing  t h e  d i s t r i b u t i o n  funct ion over t h a t  region of phase 

space. This method has t h e  advantage of mathematical s implici ty .  

The o ther  method f o r  obtaining t h e  dens i ty  d i s t r i b u t i o n  function14 r e -  

l i e s  on t h e  f a c t  t h a t  i n  t h e  absence of c o l l i s i o n s  t h e  general  so lu t ion  of 

Eb l t zmann ' s  equation can be obtained by t h e  method of cha rac t e r i s t i c s .  The 

general  so lu t ion  is  an a r b i t r a r y  funct ion of t h e  energy and angular momentum, 

and t h e  prec ise  function i s  then exac t ly  determined by t h e  boundary condi- 

t ions. 

After  t h e  densi ty  d i s t r i b u t i o n  function i s  evaluated b y  means of one of 

t hese  methods, Poisson's equation serves t o  y i e ld  t h e  p o t e n t i a l  d i s t r i b u t i o n  
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i n s i d e  t h e  sheath. 

t h e  case of zero magnetic 

incorporate  t h e  e f f e c t  of t h e  magnetic f i e l d  on t h e  sheath s t ruc ture .  

Both of these methods have been p r o f i t a b l y  employed i n  

Work i s  i n  progress at t h i s  time t o  

imne work described i n  Section I V  i s  j u s t  t he  f irst  s t e p  i n  what i s  ex- 

pected t o  be a de ta i l ed  study o f t h e  in t e rac t ion  between a probe and lon- 

g i t u d i n a l  plasma waves. 

t i o n  I V  a r e  being analyzed fur ther .  

t h e  inves t iga t ion  of t h e  response of a probe t o  waves whose period i s  com- 

parable  or s m a l l  compared t o  t h e  time an e lec t ron  spends ins ide  t h e  sheath. 

A t  t h e  present t i m e  t he  equations derived i n  Sec- 

The next s t ep  planned i n  t h i s  study i s  

I 
I 
I 
1 
I 

I 
I 
I 

55 



REFERENCES 

1. Nagy, A, F., Fontheim, E. Go, and Dow, W. G o ,  "Space Charge Waves i n  t h e  
Ionosphere and t h e i r  Effect on the  Heating of t he  Atmosphere," Trans. 
~ m ,  Geophys. Union 43, 439, 1962. - 

2. Fontheim, E. G o ,  Establishment of S t a b i l i t y  by Collective Interact ions 
- -  i n  a Plasma with - Collisions, Sc ien t i f ic  Repox 04613, 06106-1-s, Univ, 
of Mich,, Space Physics Research Laboratory (March 1964) ., 

3. Fontheim, E. G., Hoegy, W. R., and Kanal, M., A Theoretical  Study of t he  
Effect of Collective Interactions on t h e  Electron Temperature i n  the  
Ionopshere and of t he  Ianqmuir Probe Character is t ics  i n  t he  Presence of 
- a Magnetic -' Field Semiannual Report No. 1, 06106-2-~, Univ, of Mich., 
Space Physics Research Laboratory (May 1964) e 

- --- 
P -- -_p 

--- P- P 

4. Hanson, W, B,, "Electron Temperatures i n  t h e  Upper Atmosphere, I '  Space 
Research I11 (ea, W. Priester) 282, North Holland Publishing Co., 
Amsterdam, 1963 , 

- 

5. Dalgarno, A. M., McElroy, Me B o ,  and Moffett, R. J., "Electron Tempera- 
t u re s  i n  t h e  Ionosphere, '' Planetary Space Sci 11 463 (1963) . -' 

6, Geisler, J. E,, and Bowhill, S. A., "Ionospheric Temperatures at Sunspot 
Minimum, J. -- Atmospheric Terrest Phys, ( t o  be published) 

7. Butler, So  T,, and Buckingham, M, J., "Energy Loss of a Fast Ion i n  a 
Plasma, Phys. -- Rev. 126, 1 (1962) 

8. Watanabe, K., and Hinteregger, H. E., "Photoionization Rates i n  the  E 
and F Regions, " J. Geophys. RE. 67, 999 (1962). - 

9. Drummond, J. E,, Nelson, D. J., and Hirshfield, J. Lo, Collision-Induced 
I n s t a b i l i t y  i n  a Plasma with an Isotropic  Velocity-Space Distribution, 
Boeing Sc ien t i f i c  Laboratories, Report ~1-82-0273( 1963) e 

-------- 

10. Kanal, M, ,  "Theory of Current Collection of Moving Cylindrical  P1-obes," 
- - - - '  J. Appl. Phys, 35 1697 (1964) 

11. Jackson, J. Do, "bng i tud ina l  Plasma Osci l la t ions,  Plasma Physics 
(Journal  of Xuclear Energy, Part C) - 1, 171 (1960) 

12, Walker, J .C ,G . ,  and Dalgarno, A., "The Red Line of Atomic Oxygen i n  the  
Day Airglow," - - - - '  J. Atmos. Sci. 2 1  463 (1964) (I 

57 



REFERENCES ( Concluded) 

-I 
1 

13. Mott-Smith, H. M., and Langmuir, I., "The Theory of Collectors i n  Gaseous 
Discharges, - Phys. Rev. - -J 28 727 (1926). 

14. Bernstein, I. B., and Rabinowitz, I. N., "Theory of E lec t ros t a t i c  Probes 
i n  a Low-Density Plasma, - Phys. Fluids - 2, 112 (1939) . I 

I 
1 
I 
1 
1 

58 

1 
I 
I 
I 
1 
I 
1 
1 
I 



i 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
i 
I 

APPENDIX A 

Consider t h e  iE teg ra l  

/.2rr dQ - - r2' da  

0 0 
' cos(8-95)-q cosa-q 

( 4  (4. < 1. 

In  t h a t  case t h e  integrand has a pole, and t h e  i n t e g r a l  has meaning 

only i n  t h e  p r i n c i p a l  value sense. 

between t h e  l i m i t s  0 and IT. Then 

It is  s u f f i c i e n t  t o  evaluate t h e  i n t e g r a l  

-1 where a. = cos q 

) q > l a  

Let z = cia; then  da  = dz/iz. The i n t e g r a l  is then 
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where C i s  t h e  u n i t  c i r c l e .  The roots  of t h e  denominater a r e  at 

~- 
z 1  = q - and z2 = q + @ - 1  . 

Since q >1, the  two roots  a r e  r e a l  and z1 l i e s  i n s ide  t h e  u n i t  c i r c l e .  

Hence, using Cauchy's theorem w e  ob ta in  
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APPENDIX B 
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We consider an i n t e g r a l  of t h e  following form: 

Put t ing  u2 = x-c, u du = 1/2 dx, one obta ins  

2 n b  +c 

a TC; n=o 

n 
where t h e  f a c t o r i a l  function (a), i s  defined by ( a ) n  = (a+k-1), 

k=l 

where y(a,x) i s  t h e  incomplete gama function defined by y(a,x) = , JX ta-l e -t d t ,  

0 

O f  s p e c i a l  i n t e r e s t  i s  t h e  case a = c = 0, b = 7, 
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L e t  s = cos2Q, d s  = -2 s inQ cos0 de. Then 

+2/2) cos20 d0 cos 20 e +2/2)COS28 + e-q 

0 2 

Let 28 = a, de = 1/2 da. Then 

r -  I 

where I,(z) is  t h e  modified Bessel funct ion of t h e  f i r s t  kind of index n de- 

fined by In( z )  = imnJn(iz)  and Jn( z )  i s  t h e  Bessel f'unction of t he  f irst  kind 

of index n. 

This r e s u l t  can be used t o  sum an i n f i n i t e  s e r i e s  of incomplete Gamma 

functions.  Se t t ing  a = c = 0, b = q i n  Eq. (B-1) , equating wi th  H2 ,  and 
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using Eq, (B-2) one obtains 


